We study Wilson loop operators in three-dimensional, N = 6 superconformal Chern-Simons theory dual to IIA superstring theory on AdS 4 × CP 3 . Novelty of Wilson loop operators in this theory is that, for a given contour, there are two linear combinations of Wilson loop transforming oppositely under time-reversal transformation. We show that one combination is holographically dual to IIA fundamental string, while orthogonal combination is set to zero. We gather supporting evidences from detailed comparative study of generalized time-reversal transformations in both D2-brane worldvolume and ABJM theories. We then classify supersymmetric Wilson loops and find at most Combining these results, we propose that expectation value of circular Wilson loop is given by Wilson loop expectation value in pure Chern-Simons theory times zerodimensional Gaussian matrix model whose variance is specified by an interpolating function of 't Hooft coupling. We suggest the function interpolates smoothly between weak and strong coupling regime, offering new test ground of the AdS/CFT correspondence.
Introduction
The proposal of holographic principle put forward by Maldacena [1] has changed fundamentally the way we understand quantum field theory and quantum gravity. In particular, the AdS-CFT correspondence between N = 4 super Yang-Mills theory and Type IIB superstring on AdS 5 × S 5 , followed by diverse variant setups thereafter, enormously enriched our understanding of nonperturbative aspects of gauge and string theories. In exploring holographic correspondence between gauge and string theory sides, an important class of physical observable is provided by semiclassical fundamental strings and D-branes in string theory side and by topological defects in gauge theory side. In particular, the Wilson loop operator [2] extended to N = 4 super Yang-Mills theory was proposed and identified with macroscopic fundamental string on AdS 5 × S 5 [3, 4] . During the ensuing development of holographic correspondence between gauge and string theories, the proposal of [3, 4] became an essential toolkit for extracting physics from diverse variants of gauge-gravity correspondence. Among those further developments, one important step was the observation that the exact expectation value of the 1 2 -supersymmetric circular Wilson loop is computable by a Gaussian matrix model [5, 6, 7] .
Recently, Aharony, Bergman, Jafferis and Maldacena (ABJM) [8] put forward a new account of the AdS-CFT correspondence: three-dimensional N = 6 superconformal Chern-Simons theory dual to Type IIA string theory on AdS 4 ×CP 3 . Both sides of the correspondence are characterized by two integer-valued coupling parameters N and k. On the superconformal ChernSimons theory side, they are the rank of product gauge group U(N) × U(N) and Chern-Simons levels +k, −k, respectively. On the Type IIA string theory side, they are related to spacetime curvature and Ramond-Ramond fluxes, all measured in string unit. Much the same way as the counterpart between N = 4 super Yang-Mills theory and Type IIB string theory on AdS 5 × S 5 , we can put the new correspondence into precision tests in the planar limit:
by interpolating 't Hooft coupling parameter λ between superconformal Chern-Simons theory regime at λ ≪ 1 and semiclassical AdS 4 × CP 3 string theory regime at λ ≫ 1.
The purpose of this paper is to identify Wilson loop operators in the ABJM theory which corresponds to a macroscopic Type IIA fundamental string on AdS 4 We first determine conditions on x m (τ), M I J (τ) in order for the Wilson loop to keep unbroken supersymmetry. We shall find that there is a unique Wilson loop preserving 1 6 of N = 6 superconformal symmetry. We shall then study vacuum expectation value of these Wilson loops both in planar perturbation theory of the ABJM theory and in minimal surface of the string worldsheet in AdS 4 × CP 3 . We also study determine functional form of M I J from various symmetry considerations. We shall then propose that the linear combination of Wilson loops:
is identifiable with appropriate Type IIA fundamental string configuration and that the opposite linear combination is mapped to zero. We gather evidences for these proposal from detailed study for relation between the ABJM theory and the worldvolume gauge theory of D2-branes, from identification of time-reversal invariance in these theories, and from explicit computation pect that these Wilson loop operators constitute an important class of gauge invariant observables, providing an order parameter for various phases of the ABJM theory. In fact, even in pure Chern-Simons theory (obtainable from ABJM theory by truncating all matter fields), it was known that expectation value of Wilson loop operators yields nontrivial topological invariants [9, 10] 1 .
We organized this paper as follows. In section 2, we collect relevant results on macroscopic IIA fundamental string in AdS 4 , adapted from those obtained in AdS 5 previously. We discuss two possible configurations with different stabilizer subgroup and number of supersymmetries preserved. In section 3, we formulate Wilson loop operators in ABJM theory. In subsection 3.2, we propose Wilson loop operators and constrain their structures by various symmetry considerations. We find from these that, up to SU(4) rotation, functional form of the Wilson loop operator is determined uniquely. Still, this leaves separate Wilson loops for U(N) and U(N) gauge groups, respectively. To identify relation between the two, in subsection 3.3, we first recall the argument of [12, 13, 14, 15, 16] relating three-dimensional super Yang-Mills theory and ABJM superconformal Chern-Simons theory 2 . We then identify that fundamental IIA string ending on D2-brane couples to diagonal linear combination of U(N) and U(N). In section 4, we study supersymmetry condition of the Wilson loop operator and deduce that tangent field along the contour should be constant. From this, we find that unique supersymmetric Wilson loop operator is the one preserving 1 6 of the N = 6 superconformal symmetry. In section 5, we revisit the time-reversal symmetry in ABJM theory. Based on the results of sections 3 and 4, we find that one combination of the elementary Wilson loops with a definite time-reversal transformation is dual to a fundamental IIA string on AdS 4 , while orthogonal combination is mapped to zero. In section 6, we study expectation value of the Wilson loop operator to all orders in planar perturbation theory. For straight Wilson loop operator, we find that Feynman diagrams vanish identically at each loop order. For circular Wilson loop operator, we find that Feynman diagrams vanish at one loop order, nonzero at two loop order and zero again at three loop order. Remarkably, the two loop contribution consists of a part exactly the same as one- Section 8 is devoted to discussions for future investigation. In appendix A, we collect conventions, notations and Feynman rules. In appendix B, we give details of analysis for Wilson loops of generic contour. In appendix C, we recapitulate the one-loop vacuum polarization in ABJM theory, obtained first in [19] . In appendix D, we give details for the analysis of three-loop contributions.
While writing up this paper, we noted the papers [20, 21] posted on the arXiv archive, which have some overlap with ours. We also found [22] discuss some closely related issue.
Macroscopic IIA Fundamental String in AdS 4
We begin with strong 't Hooft coupling regime, λ ≫ 1. In this regime, by the AdS/CFT correspondence, IIA string theory on AdS 4 ×CP 3 is weakly coupled and provides dual description to strongly coupled ABJM theory. As shown in [3, 4] 
for timelike straight path C = R t [3, 4] and spacelike circular path C = S 1 [23] , respectively. Extended to n multiply stacked strings of same orientation, the ratio between the two Wilson loops is given by
In IIB string theory, both string configurations are known to be supersymmetric. In section 7, we shall try to relate these string theory results with perturbative computations in superconformal Chern-Simons theory side. We briefly recapitulate how to get the above result. In the limit λ → ∞, the string becomes semiclassical and sweeps out a macroscopic minimal surface in AdS-space. The metric of AdS 4 is expressed in Poincaré coordinates as
In this coordinate system, the boundary R 1,2 is located at y = 0. We choose a macroscopic string configuration in the static gauge x 0 = τ, y = σ and it corresponds to a timelike straight Wilson loop sitting at x 1 = x 2 = 0. Here, following the prescription of [3, 4] , we regularize the AdS-space to y = [ε, ∞], remove 1 ε divergence (corresponding to self-energy) and finally lift 3 Our convention for the relation between the IIA string coupling and rank of ABJM theory is g st = 1/N.
off the regularization ε → 0 4 . The renormalized string worldsheet action is S ren = 0 and the result (2. 
We choose the fundamental string configuration in the static gauge θ = τ and y = σ, and we also take an ansatz r = r(σ), x = 0. It corresponds to a circular Wilson loop whose center sits at r = 0. The string worldsheet action is given by
where r ′ := ∂r/∂y. The solution with circular boundary is r = 1 − y 2 , and its on-shell action is written as
Here again, we regularized the AdS-space to y = [ε, ∞]. After removing the 1 ε divergent part, we obtain the renormalized on-shell action as S ren = −L 2 /α ′ . Expectation value of the Wilson loop is W ∼ exp(−S ren ) = exp(+L 2 /α ′ ) and the result (2.1) follows.
We now would like to identify spacetime symmetries preserved by these classical string solutions. Each classical string configuration wraps a suitably foliated AdS 2 submanifold in AdS 4 , so it preserves SL(2, R)×SO(2) symmetry of the isometry SO(2,3) of AdS 4 . If the string were sitting at a point in CP 3 , the isometry group SU(4) of CP 3 is broken to stabilizer subgroup U(1)× SU (3) . If the string were distributed over CP 1 in CP 3 , the isometry group SU (4) is broken further to stabilizer subgroup U(1)×SU(2)×SU(2). Variety of other configurations are also possible, but we shall primarily focus on these two configurations. In the background 
The minimum possibility is (2, 1, 1 super Yang-Mills theory and its holographic dual, macroscopic Type IIB superstring in AdS 5 × S 5 . On R 3,1 , the Wilson loop operator for defining representation was proposed [3, 4] to be We then obtain (3.1), where the vector M I is described in terms of internal coordinates as:
We can also motivate that this Wilson loop operator is related to Type IIB fundamental string in AdS 5 × S 5 by noting that R 9,1 that the gauge potential A M (X ) lives in is conformally equivalent to AdS 5 × S 5 :
In this situation, the Wilson loop sweeps out a path in R 9,1 or its conformal equivalent in AdS 5 × S 5 .
Depending on the choice of the velocity vector M I (τ), the Wilson loop preserves different subgroup of the SO (6) can be rotated by a rigid SO(6) rotation to, say, (|M|, 0, 0, 0, 0, 0). Moreover, M I (τ) may also develop a discontinuity at some τ. In holographic dual, the Wilson loop expectation value is given by a saddle-point of the string worldsheet whose boundary at AdS 5 infinity is prescribed by the vectors (ẋ m (τ), M I (τ)) of the Wilson loop. In general, there can be a continuous family of string worldsheets satisfying the same boundary condition, parametrized by zero-modes. In that case, each worldsheet preserves a subgroup smaller than the subgroup preserved by the corresponding Wilson loop. In order to restore the subgroup preserved by the Wilson loop, one then needs to integrate over a parameter space of the zero-modes for the string worldsheet.
One can also study the Wilson loop operators averaged over the boundary condition M I (τ). For example,
is an averaged Wilson loop operator in which the vector M I (τ) is averaged to M over a domain D(M). Each configuration of M I (τ) preserves different subgroup of SO(6) symmetry, so the above average Wilson loop operator would retain a stabilizer subgroup common to each of
Wilson Loops in N = 6 Superconformal Chern-Simons Theory
In this subsection, paving steps parallel to the four-dimensional N = 4 super Yang-Mills theory, 
We also motivate functional form of the Wilson loop from the following symmetry considerations:
• Wilson loop describes a trajectory of a heavy particle probe. Charge of the particle is characterized by a representations under U(N) and U(N) gauge groups. Mass of the particle is set by scalar fields and should carry scaling dimension 1. In (2+1) dimensions, the scalar fields Y,Y † have scaling dimension 1/2. It also should transform in adjoint representation of U(N). These requirements fix uniquely the requisite combination as
• Functional form of the tensor M I J (τ) given in (3.6) is largely determined by spacetime translational symmetry and by affine reparametrization and parity symmetries along the path C. Transitive motion on embedding space C 4 is described by z I → z I + ξ I for a constant ξ I . The tensor is manifestly invariant under such motion since it depends only onż,ż.
• Affine reparametrization is induced by τ →τ(τ). The tensor M I J is manifestly invariant under such motion since it transforms with Jacobian |dτ/dτ|. This cancels against the Jacobian induced by the measure dτ.
Likewise, our proposal for the Wilson loop operator of U(N) gauge group is
where 
etc. However, under suitable conditions, they turn out not independent one another. In comparison with N = 4 super Yang-Mills theory, one distinguishing feature of the ABJM theory is that there are two sets of Wilson loops, one for U(N) gauge group and another for U(N) gauge group. From holographic perspectives, this raises a puzzle. We expect that these Wilson loops are mapped to a string. While there are two variety of Wilson loops in the ABJM theory, there is one and only one fundamental string in AdS 4 × CP 3 . We first resolve this puzzle by analyzing the way a fundamental string is coupled to a stack of D2-branes, whose worldvolume gauge theory is in turn related to the ABJM theory by moving away appropriately from conformal point.
Fundamental String Ending on D2-Brane
Consider a D2-brane and a macroscopic IIA fundamental string ending on it. From IIA supergravity field equations in the presence of the string and the D2-brane, we see that the string endpoint on the D2-brane carries an electric charge of the worldvolume gauge field C m of the D2-brane. How is the electric charge related to charges in the ABJM theory? Answer to this question is obtainable simply by identifying relation between the D2-brane worldvolume gauge field C m and the two gauge fields A m , A m in the ABJM theory. The identification is in fact already made in [12] . By giving a nonzero vacuum expectation value to one of the bi-fundamental scalar fields in ABJM theory, one linear combination of the gauge fields becomes massive. Integrating out the massive gauge field, we are left with orthogonal linear combination of the gauge fields. This is identified with the D2-brane worldvolume gauge field C m . Relevant part of the ABJM Lagrangian is
The last line is to indicate how an external source with gauge currents J m , J m couples to the two ABJM gauge potentials. Turn on vacuum expectation value of one of the scalar fields, say, the real part of Y 1 ,Y † 1 :
We also decompose the two gauge potentials as
The corresponding field strengths are
We then find that the Chern-Simons terms are reduced to
while the kinetic terms are reduced to
The equations of motion for A
can be solved perturbatively at large k. Collecting terms in increasing power of derivatives and
To retain nontrivial gauge dynamics at quadratic order and suppress all higher order terms, we take the scaling limit:
We see that, around the vacuum given by the above expectation value, the ABJM theory is reduced to maximally supersymmetric U(N) gauge theory of the gauge potential A (+) m below the energy scale set by g YM , viz. it describes worldvolume dynamics of the D2-brane.
From the Lagrangian, we derive equations of motion for the gauge potential A
If a fundamental string ends on the D2-brane, it acts as a source to the worldvolume gauge field A (+) m . In the scaling limit that reduces ABJM theory to (2+1)-dimensional super Yang-Mills theory, all but the first term drop out. This in turn implies that the string endpoint creates one unit (in unit of g 2 YM ) of (J m + J m ) from ABJM currents. We also note that the non-minimal
is suppressed in the above scaling limit.
In this section, we identified that A 
Supersymmetric Wilson loop
We now would like to understand under what choices of C and M I J (τ) the proposed Wilson loop preserves some of the N = 6 superconformal symmetry. The same question was addressed previously for N = 4 super Yang-Mills theory [25] and for the holographic dual [26] . There, assuming that the Wilson loop sweeps a calibrated surface in R 3,1 × R 4 , it was found that the 
As in [25, 26] , we take the ansatz that M I J is a τ-independent, constant tensor.
The N = 6 Poincaré supersymmetry transformations for the gauge and scalar fields are [30, 31, 32] 
where ξ IJ , ξ IJ are supersymmetry parameters satisfying the following relations:
Consider a point τ along the contour C. The supersymmetry variation of the integrand in the exponent of (4.1) becomes
In order to be supersymmetric, the following two equations must be satisfied for some of the supersymmetry parameters:
By unitary transformation, diagonalize the constant Hermitian matrix M I J as
In this frame, the supersymmetry condition (4.6) reads
We see that each eigenvalues λ I must take values ±1 in order to satisfy the conditions (4.8).
If one of the eigenvalues, say λ 1 , is not ±1, since the eigenvalues of γ 0 are ±i, (4.8) implies ξ 1J = 0, ξ 1J = 0, (J = 2, 3, 4). In this case, the second relation of (4.4) reads ξ IJ = ξ IJ = 0 for I, J = 2, 3, 4 as well and no supersymmetry is preserved. Modulo overall sign and permutations of the eigenvalues, there are three possible combinations. We examine each of them separately.
This configuration preserves full SU(4) symmetry. The supersymmetry conditions (4.8) now read
These two equations cannot be satisfied simultaneously because of the reality condition (4.4). So, there is no supersymmetric Wilson loop with unbroken SU(4) symmetry. The same conclusion holds for M = diag(−1, −1, −1, −1).
•
This configuration breaks SU(4) to SU(3)×U (1) . From the supersymmetry condition (4.8) for (I, J) = (1, J) and (2, J) and the first relation of (4.4), it follows that ξ 1J = ξ 1J = 0. This and the second relation of (4.4) imply that ξ IJ = ξ IJ = 0 for all I, J = 1, 2, 3, 4.
Again, there is no supersymmetric Wilson loop with unbroken SU(3)×U(1) symmetry. The same conclusion holds for M = diag(+1, −1, −1, −1).
This configuration breaks SU(4) to SU(2)×SU(2)×U(1). In this case, supersymmetry parameters ξ 12 and ξ 34 satisfying the projection conditions:
exists. Though trivial looking, these properties will play a crucial role when we evaluate in the next section the Wilson loop expectation value explicitly in planar perturbation theory. 5 There are other supersymmetric configurations. For example, a -BPS local operators [27] (see also [28, 29] ).
We can also generalize the supersymmetric Wilson loops to a general contour C specified by tangent vectorẋ m (τ). The supersymmetry condition now reads
We assume that C is smooth, implying thatẋ m (τ) is a smooth function of τ. We also set |ẋ(τ)| = 1 using the reparametrization invariance. The important point is that (4.12) ought to satisfy the supersymmetry conditions at each τ. Without loss of generality, we assume at τ = 0 that in the sense that the supersymmetry considerations fix its structure completely. We also found that these Wilson loops preserve 1 6 of the N = 6 supersymmetry, but no more. On the other hand, the macroscopic IIA fundamental string preserves 1 2 of the N = 6 supersymmetry. At present, we do not have a satisfactory resolution. We expect that the supersymmetric Wilson loop corresponds to a string worldsheet whose location on CP 3 is averaged over, perhaps, in a manner similar to the prescription (3.4). An encouraging observation is that the R-symmetry preserved by the Wilson loop is the same as the isometry preserved by the string smeared over CP 1 in CP 3 , and the number of preserved supercharges also match. This also fits to the observation that M = diag(−1, −1, +1, +1) above cannot be written as (3.6) for any choice of z I (τ) since the trace of (3.6) does not vanish.
Consideration of Time-Reversal Symmetry
Though it involves Chern-Simons interactions, the ABJM theory is invariant under (suitably generalized) time-reversal transformations. This also fits well with the observation in section 3.2 that, by vacuum expectation value of scalar fields, the ABJM theory is continuously connected to the worldvolume gauge theory of multiple D2-branes. The latter theory is invariant under parity and time-reversal transformations. In section 3.2, we also identified A 
as the timelike Wilson loop dual to the fundamental IIA string. We shall now show that (5.1) transforms under the time-reversal precisely the same as the D2-brane worldvolume gauge potential that couple to the fundamental string. Moreover, since the other orthogonal combination
is not present in the worldvolume gauge theory of multiple D2-branes, we are led to identify that expectation value of Wilson loops for the other combination vanishes identically:
We take its path C along the time direction,ẋ m = (1, 0, 0). By definition,
where Φ denotes exponent of the Wilson loop:
.
(5.4)
Under the time-reversal transformation, x m = (x 0 , x 1 , x 2 ) →x m = (−x 0 , x 1 , x 2 ). In the ABJM theory, this is adjoined with Z 2 involution that exchanges the two gauge groups U(N) and U(N).
The resulting generalized time-reversal transformation T then acts on relevant fields as
Being anti-linear, T also acts as
Moreover, since the path C is timelike, T also reverses ordering of the path. To bring the path ordering back, we take transpose of products of Φ(τ)s inside trace. Together with minus sign from time reversal, the generators T a are mapped to −(T a ) T = T a . These are the generators for the complex conjugate representation. Thus, the exponent of the timelike Wilson loop transforms as
where
We see that the time-reversal T acts on the Wilson loop
Notice, however, that T does not change the path C and the internal tensor M I J .
With (5.9), we identify that (5.1) is the linear combination of elementary Wilson loops that transform under the generalized time-reversal transformation T : 
Now, under T , the spatial components of the gauge potential are transformed by
Since the path C is spacelike, under T , its path ordering and hence the Lie algebra generators T a s remain unchanged. Thus, with the anti-linearity (5.6) taken into account, the exponent of the spacelike circular Wilson loop transforms as
We see that the time-reversal T acts on the spacelike Wilson loop To evaluate Feynman diagrams in momentum space 6 , we rewrite the above expansion of the Wilson loop as follows: 
W 1 [C]
It is straightforward to check that all one-loop diagrams contributing to
The relevant diagrams are depicted in fig. 1 7 .
The first diagram vanishes by itself. For C the timelike line, the diagram is proportional to ε 00m and vanishes trivially. For C the spacelike circle, the diagram is proportional tȯ 
W 2 [C]
The two-loop Feynman diagrams contributing to W 2 [C] are summarized in fig. 2 .
Begin with C the timelike line. The first diagram in fig. 2 involves the vacuum polarization tensor Π mn (p) depicted in fig. 3 . At one loop, it gives parity and time-reversal invariant contribution:
The derivation is recapitulated from [19] (see also [33] ) in Appendix C. Utilizing this, the first diagram in fig. 2 yields
The first term in (6.7) is canceled by the second diagram in fig. 2 . In computing the second diagram in fig. 2 ), we used the supersymmetry condition TrM 2 = 4, which counts the number of matter flavors in ABJM theory. However, this should not be taken as a restriction on the matter content of the theory. The first diagram in fig. 2 is also proportional to the number of matter flavors, so the cancelation persists for any number of matter flavors. The non-covariant term in (6.7) vanishes since the contour integral generates δ(p 0 ).
The remaining diagrams in fig. 2 vanish separately. The third diagram vanishes since it involves TrM = 0. The fourth diagram vanishes since it is proportional to ε 00m .
Consider next C the spacelike circle. In this case, a remarkable structure emerges. Recall that the one-loop correction to gluon propagator is parity and time-reversal invariant. In Feynman gauge, it takes the form [33] 
Treating this as gauge boson skeleton propagator, the first diagram in fig. 2 is obtained. Likewise, the second diagram in fig. 2 is obtained by treating the one-loop as scalar-pair skeleton propagator:
(6.9)
Taking account of Tr M 2 = 4 and (6.2), these skeleton propagators put the contribution from the first two diagrams in fig. 2 to 8 1 N Nλ
Here, we used the fact that the second term in (6.8) vanishes after the contour integration. Remarkably, this two-loop contribution has exactly the same functional form in configuration space as the one-loop contribution to supersymmetric Wilson loops in four-dimensional N = 4
super Yang-Mills theory [5] . In the latter theory, assuming that all vertex-type diagrams do not contribute, the circular Wilson loop expectation value was mapped to a zero-dimensional Gaussian matrix model. Strong 't Hooft coupling limit of the Gaussian matrix model matched well with minimal surface result in string theory side. In the next section, we will take the same assumption on vertex-type diagrams, utilize the above observation on skeleton propagators, and propose a conjecture concerning circular Wilson loop in ABJM theory in terms of a Gaussian matrix model. The fourth diagram in fig. 2 is also encountered in the context of pure Chern-Simons theory, and its value is well-known [10] . We obtain
We summarize the computations so far. For the timelike line,
For the spacelike circle, 
W 3 [C]
We next analyze three-loop diagrams contributing to W 3 [C] and show that they all vanish. Consider the timelike line first. All Feynman diagrams listed in fig. 4 vanish identically because they are proportional to the supersymmetry conditions TrM = 0 and TrM 3 = 0, (6.15) respectively. For the Feynman diagrams in fig. 5 , one easily finds that each of them vanish separately. For instance, for the second to the last diagram, the skeleton two-loop integral is given by
(6.16) Evidently, the two-loop integral should yield a result of the form: fig. 6 , the contribution is proportional to
so vanishes identically. The Feynman diagrams in fig. 7 cancel among themselves. To see this, we need to manipulate loop integrals judiciously. For instance, although they contain a different number of epsilon tensors and gauge boson propagators, nontrivial cancelation occurs between the diagrams (2) and (3). The cancelation is possible because of various identities such as In this way, two epsilon tensors cancel two gluon propagators in the diagram (2) . It then cancels the diagram (3). The non-covariant terms vanish after the contour integration, as we have seen for two loop diagrams in subsection 6.2. Through judicious manipulations, one can show all terms coming from the diagrams in fig. 7 cancel among themselves. We show details of the cancelation in Appendix D. The Feynman diagram 8 vanishes identically since it is proportional to ε 00m .
Consider next the spacelike circle case. Except the ones in fig. 7 , all other Feynman diagrams vanish by the same reason as for the timelike line case, viz. either due to TrM = 0 or due to contraction of momenta with ε mnp tensor. After some manipulation, one also finds that all Feynman diagrams in fig. 7 vanish. Start with the diagram (1). This gives a contribution proportional to 20) where
consists of integrals over positions of the interaction vertices. One can always choose two epsilon tensors in the integrand and replace them with a sum of products of η mn s. Then, after carrying out the position integration, the integral should contain terms with one epsilon tensor whose indices are contracted with (a derivative of) x m (τ).
For instance, it produces a term likė
For the spacelike circle, all x m i (τ i )s lie on R 2 . Therefore, all the terms like (6.21) vanish identically. By the same argument, the diagram (2) must vanish. Moreover, this argument implies that any Feynman diagram with odd number of epsilon tensors ought to vanish once the contour integration is performed. Therefore, the diagrams (3) and (4) must vanish. In summary, we find that three-loop contributions W 3 [C] vanish for both the timelike line case and the spacelike circle case.
Diagrammatical proof of
Drawing from the lower order computations, we emphasize again that the cancelation observed among various Feynman diagrams is not specific to the ABJM theory. The same cancelation would persist even for a theory with a generic number of matter flavor multiplet, so long as the supersymmetry conditions TrM =TrM 3 = 0 hold. In fact, up to the order O (λ 3 ), only the gauge interaction vertices contributed to the Feynman diagrams. The quartet Yukawa interactions and the sextet scalar interactions specific to N = 6 supersymmetric ABJM theory will only start to contribute from the next order, viz. order O (λ 4 ). So, any result at order O (λ 4 ) or higher would be considered as the discriminating test of the ABJM theory against any others. In this subsection, we prove one result on higher order terms: W 2n+1 [C] = 0 for all n as long as the contour C lies inside R 2 . In other words, the Wilson loop expectation value receives nontrivial contribution only from even loop orders. Coincidentally, ABJM theory exhibits both infrared and ultraviolet divergences only at even loop orders. Here, however, we are considering not just these infinities but also finite parts. We begin with the observation that any Feynman diagram can be drawn through the following two steps:
1. First, draw matter lines only. These diagrams need not be connected. 2. Next, add gluon lines.
In our proof, we shall follow these steps. First, we show that the diagrams with odd power of λ vanish if there is no gluon propagator. Then, by counting number of λs and the ε mnp tensors as a single gluon propagator is added to a given diagram, we prove inductively that The power N k of λ is given as
No gluon line
If there is no gluon line in D, then the non-zero numbers are v 2 , v 4 (Yukawa coupling) and v 6 (scalar potential). In this case, Summarizing, we proved that W 2n+1 [C] = 0 to all orders in perturbation theory. Note that the necessary ingredients for the proof are (1) TrM 2n+1 = 0, (2) C lies in R 2 ∈ R 4 , and (3) the action is classically conformally invariant so that the interaction terms consist only of gauge, quartic Yukawa and sextet scalar couplings. It should be noted that our proof is insensitive to specific value of the coefficients for each terms in the Yukawa couplings and the scalar potential.
Reduction to the Gaussian Matrix Model
In this section, we revisit planar perturbative evaluation of the circular Wilson loop. As demon- [5] . The first feature is that, apart from quantum corrections to gauge and scalar propagators, all other diagrams vanish. Second feature is that sum of quantum corrected gauge and scalar propagators is reduced to a constant up to total derivative term. It is remarkable that these features persists despite field contents, interactions and even spacetime dimensions are different between the two conformal field theories. A new feature that arose for the ABJM theory was that there is an extra contribution from Chern-Simons interactions. Combining all these features, we expect that expectation value of a circular ABJM Wilson loop computed in planar perturbation theory can be brought into the form In this section, we employ the factorized form (7.1) as an ansatz, and explore possible exact results concerning the Wilson loop.
Gaussian Matrix Model
In extracting Gaussian matrix model, our starting point will be the following assumptions.
• The two point function of gauge boson+scalar bilinear is a constant.
• The Wilson loop has the structure (7.1). All other diagrams than those in (7.1) cancel each other and do not contribute to the expectation value.
These assumptions are actually true up to the order of O (λ 3 ), as we have demonstrated in the previous section.
Let us first consider the ladder part. In the planar limit, by large-N factorization, expectation Consider the Wilson loop on R 3 and recall the exponential Φ(τ)
This Φ(τ) is in adjoint of U (N), so we expanded it in the basis of Lie algebra generators T a :
From the assumption, the two point function of Φ is a constant. This is supported by the two loop result (6.10):
Therefore, contribution to the Wilson loop expectation value from ladder diagrams of quantum corrected Φ a propagators is obtainable from
By the assumption, the integrands in the above equation are τ independent, so τ integral just yield angular volume as
Here, the expectation values · · · ladder are evaluated according to the Wick's theorem using the propagator (7.5). We now rewrite the above series in a simpler form. Introduce N 2 real variables X a and the Gaussian integral F(X ) mm for a function F(X ) as
The Wick contracted expectation values can be replaced by the Gaussian integral. This brings (7.7) to the form
where we introduced a single Hermitian matrix X := X a T a . The Gaussian integral (7.8) can then be rewritten as a Gaussian matrix integral:
In the planar limit, the expectation value (7.10) can be evaluated in terms of modified Bessel function I 1 as
In the large f (λ) limit, we obtain asymptote of the Wilson loop expectation value as
up to computable pre-exponential factors. If large f (λ) limit is also large λ limit, this is a prediction of the ABJM theory that could be compared with the string theory dual.
Chern-Simons Contribution
In ABJM theory, the Wilson loop expectation value (7.1) contains an additional contribution from pure Chern-Simons interactions. We need to examine large f (λ) limit of this contribution as well. By assumption we take W N [C] CS is the same as unknotted Wilson loop expectation value in pure Chern-Simons theory. Exact answer of the latter is known [9] :
In the 't Hooft limit, this becomes
We see that large λ asymptote is given by
We see that this contribution yields exponentially small corrections compared to the ladder diagram contribution (7.13). The λ −1 asymptote still carries an interesting information, since it changes leading power of λ in the pre-exponential. In particular, this indicates that number of zero-modes of the string worldsheet configuration dual to the circular Wilson loop in the ABJM theory is different from that in the N = 4 super Yang-Mills theory. The small λ behavior of f (λ) can be obtained by comparing (7.5) with (6.10), and the result is already given in (7.5). Assuming that large λ limit is also large f (λ) limit, the large λ behavior can be extracted by comparing (7.13) with (2.1). We obtain
Interpolation between Weak and Strong Coupling
When comparing various physical observables at weak coupling limit from the ABJM theory and at strong coupling limit from the AdS 4 × CP 3 string theory, various interpolating functions analogous to f (λ) were introduced. An interesting question is whether some of these interpolating functions are actually the same one. To test this possibility, consider the interpolating function f (λ) introduced in the context of the giant magnon spectra [30, 35, 36] . There, it was noted that dispersion relation of AdS 4 giant magnon takes exactly the same form as that of AdS 5 giant magnon except that N = 4 super Yang-Mills 't Hooft coupling g 2 N is now replaced by a nontrivial interpolating function h(λ) of the N = 6 superconformal Chern-Simons 't Hooft coupling:
At weak coupling, h(λ) ∼ λ. So, it is encouraging that the interpolating function associated with the giant magnon and the interpolating function associated with the circular Wilson loop are relatable each other as h 2 (λ) = f (λ). But it seems this would not work for all coupling regime because h(λ) actually interpolates as
We see that it behaves differently at the strong coupling regime, so the two interpolating functions are not identifiable. Our proposal of the Gaussian matrix model suggests that there ought to be an independent interpolating function f (λ) specific to the circular Wilson loop observable. Since f (λ) summarizes all-order corrections to the vacuum polarization of the ABJM gauge fields, interpolating functions that would enter static quark potential or total cross section of 2-body boson or fermion matter might be related to f (λ). It would be very interesting to clarify the relation, if any, and compute higher order terms of f (λ).
Discussions
In this section, we discuss several interesting issues left for future investigation.
We Wilson loop to the Gaussian matrix model is proved using localization [7] . Similar derivation for the circular Wilson loop in the ABJM theory is also an interesting problem.
We intend to report progress of these issues in forthcoming publications.
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B Supersymmetry condition for generic contour
Consider the generalized supersymmetry conditions for the Wilson loop: which alone does not respect the gauge invariance. However, there exists also the ghost loop contribution,
where we put the extra (−) sign due to the ghost statistics. Therefore, the ghost contribution cancels out precisely the gauge loop contribution, reproducing the well-established result [34] . Again, analytically continuing to four dimensions, the integral expression for the gauge part changes while the ghost integral remains intact. With Yang-Mills couplings, both contributions no longer cancel each other but contribute negatively to the β-function.
D Feynman integrals for 3-loop diagrams in figure 7
The diagram (2) provides
